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I consider a single-level quantum dot coupled to two reservoirs of spin waves (magnons). Such
systems have been studied recently from the point of view of possible coupling between electronic
and magnonic spin currents. However, usually weakly coupled systems were investigated. When
coupling between the dot and reservoirs is not weak, then higher order processes play a role and
have to be included. Here I consider cotunneling of magnons through a spin-occupied quantum
dot, which can be understood as a magnon (spin) leakage current in analogy to leakage currents in
charge-based electronics. Particular emphasis has been put on investigating the effect of magnetic
field and temperature difference between the magnonic reservoirs.
I. INTRODUCTION
Recently one can observe an increasing interest in
magnons as possible information carriers for electronic
applications. This interest has lead to the emergence
of spin caloritronics and magnon spintronics, aimed at
search for the possibility of generating and manipulating
magnons via a temperature gradient1–8. One of the most
widely used materials as a source of magnons is yttrium-
iron garnet (YIG)3. An important advantage of this ma-
terial is its very low Gilbert damping factor, and thus a
long propagation length of magnons, even at room tem-
peratures9. Some magnon-based information processing
components, like multiplexers or transistors10,11, have
been already realized experimentally. Moreover, further
devices like spin Seebeck diodes have been proposed12,13.
However, the fully magnon-based electronic components
are still far from implementation on a larger scale. Cur-
rently the most important research direction is focused
on hybrid electron and magnon based devices. The im-
portant issues that arise in applications and theoretical
considerations are the problem of interface between in-
sulating and metallic layers, conversion of spin to charge
(and vice versa) currents and choice of quantization axis
for noncollinearly magnetized electrodes14–19.
One of convenient systems to study the above men-
tioned processes is a quantum dot connected to two
magnonic reservoirs. This is because quantum dot based
systems allow for a relatively easy control of single par-
ticle transport by external gates. Recently, quantum dot
based heat engines have been proposed20–29, where the
temperature gradient has been shown to drive electron
and magnon currents or phonon-assisted and magnon-
assisted electron currents. The considerations, however
were usually limited to the lowest-order processes, i.e.
sequential transport of magnons though quantum dots.
Such an approximation is reasonable when coupling be-
tween the dot and magnonic reservoirs is small. For a
stronger coupling (or when sequential transport is sup-
pressed), one needs to take into account also higher or-
der processes. In this paper I consider magnon trans-
port in two distinct regimes: (i) when both sequential
and cotunneling processes contribute to the total magnon
transport, and (ii) when sequential transport is forbid-
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FIG. 1: Schematic representation of the system considered
in this paper. A single-level quantum dot (QD) occupied by
either spin ↑ or spin ↓ electron is coupled to two magnetic
insulators (L,R). The insulating leads are also referred to as
magnonic reservoirs. The corresponding coupling strengths
are JL and JR.
den, while magnons can flow through the quantum dot
due to elastic cotunneling processes. The latter processes
can be considered as magnon leakage. In Section 2 I in-
troduce the model and describe the T-Matrix method
used to obtain the magnon currents in both considered
situations. Numerical results based on this analysis are
presented and discussed in Section 3, while final conclu-
sions are summarized in Section 4.
II. THEORETICAL DESCRIPTION
A. Model
The model system studied in this paper is presented
schematically in Fig. 1. It is based on a single-level quan-
tum dot which is coupled to two insulating magnetic con-
tacts (reservoirs of magnons). One of the best materials
for the magnonic reservoirs might be YIG (yttrium-iron
garnet) ferrimagnet due to its very low magnetic damp-
ing, and thus long spin-wave lifetime3.
The system can be described by a general Hamiltonian
of the form,
H = HQD +Hmag +H
t
mag. (1)
The first term describes the quantum dot and is assumed
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2in the Anderson form,
HQD =
∑
σ
εdσd
†
σdσ , (2)
where εdσ = εd − σˆgµBB/2 is the dot’s level energy,
whose degeneracy is lifted by an external magnetic field
B (εd is the bare dot’s level energy). Here, g is the Lande´
factor for the dot, µB is the Bohr magneton, while σˆ =
+(−) for σ =↑ (↓). Note, the positive magnetic field B
is opposite to the axis z.
The magnetic Hamiltonian,
Hmag =
1
2
∑
α,i,δ
Jexα Sα,i · Sα,i+δ − gmµBB
∑
α,i
Szα,i, (3)
describes exchange-coupled localized spins, where Jexα is
the exchange integral and gm the Lande´’s g-factor of mag-
netic electrodes, and Sα,i = (S
x
α,i, S
y
α,i, S
z
α,i) is the spin of
ith site in the electrode α. Symbol δ in the sum denotes
position of the nearest neighbor of ith spin. Moreover, it
is assumed that the spins are coupled ferromagnetically,
i.e Jα < 0, and gm is identical in both electrodes.
Performing Fourier transform of the above Hamilto-
nian and introducing the spin ladder operators S±αq =
Sxαq ± iSyαq one can apply Holstein-Primakoff transfor-
mation. It consists of expressing spin operators with cre-
ation and annihilation operators that obey bosonic com-
mutation rules. The spin operators can be expressed as30:
S+αq = ~
√
2Sα
√
1− a
†
αqaαq
2Sα
aαq ≈ ~
√
2Sαaαq , (4a)
S−αq = ~
√
2Sαa
†
αq
√
1− a
†
αqaαq
2Sα
≈ ~
√
2Sαa
†
αq , (4b)
Szαq = Sα − a†αqaαq , (4c)
where Sα is the total spin in electrode α. In the approx-
imation it was assumed that the deviation from spin Sα
is small.
Under the transformation intoduced above, magnon
Hamiltonian Hmag takes the form
Hmag =
∑
αq
qa
†
αqaαq, (5)
where q is the spin wave energy (assumed equal in both
reservoirs) for the wavevector q, which is given by the
formula (see eg. Ref.31) q = 2SJ
∑
δ[1 − cos(q · rδ)] +
gmµBB, with rδ denoting vectors to nearest neighbors,
S and J standing for the localized spin number and ex-
change constant, and gm being the Lande factor of the
magnetic electrodes. Note, multimagnon processes are
neglected in this approximation.
Finally, the term Htmag can be written as
Htmag =
∑
αq
jαqa
†
αqd
†
↑d↓ + H.c., (6)
where jαq generally depends on the distribution of inter-
facial spins and also on coupling between these spins and
the quantum dot. The explicit form of jαq is not required
here as this coupling will be treated as a phenomenolog-
ical parameter (see below).
B. Method
In order to calculate magnon leakage current I employ
the T-Matrix method to obtain terms up to the second-
order in Pauli’s Master equation32,33,
T = T (1) + T (2) + ...
≈ HT +HT 1
Ei −H0HT , (7)
where Ei is the energy of the initial state, HT denotes
the perturbation term (Htmag in our case), and H0 is the
unperturbed Hamiltonian of the system (Hamiltonian (1)
with the term Htmag neglected in our case).
In the sequential tunneling case, i.e., when only term
T (1) is taken into account, occupation probabilities Pi of
the dot can be derived from the master equation which
takes the form
P˙n =
∑
m
(WmnPm −WnmPn) , (8)
where Wnm is the transition rate from the dot’s state
|n〉 to the state |m〉. This transition rate is given by the
Fermi’s golden rule as
Wnm =
2pi
~
∑
if
|〈f |T (1)|i〉|2δ(Ef − Ei) , (9)
where |i〉 and |f〉 are the initial and final state of the
system, respectively. This equation leads to the appear-
ance of magnon populations in the magnonic reservoirs,
〈a†αqaαq〉 ≡ n+α (εαq), which are determined by the Bose-
Einstein distribution n+α (ε) = 1/ [exp (ε/kBTα)− 1] =
n−α (ε)− 1.
The sequential contribution to total magnon current
that flows through the dot can be calculated from the for-
mula j
(seq)
mag = j
(seq)
mag,L − j(seq)mag,R, where contribution j(seq)mag,α
for transport between electrode α = L,R and the dot is
expressed as follows
j(seq)mag,α = −~
(
P↑W ↑↓α − P↓W ↓↑α
)
. (10)
In the above expression W ↑↓α and W
↓↑
α are the transition
rates between states | ↑〉 and | ↓〉 for magnon transfer
between electrode α and the dot, while P↑ and P↓ denote
probabilities that the quantum dot is in state | ↑〉 and
| ↓〉, respectively.
Consider now the second-order processes. The cotunel-
ing rate can be obtained from Eq. (7) and the Fermi’s
golden rule,
Γmnα→α′ =
2pi
~
∑
if
|〈f |T (2)|i〉|2δ(Ef − Ei) , (11)
3where α, α′ denote different electrodes (emitter and ab-
sorber of a magnon) and m,n are initial and final states
of the dot, with m = n in the case of elastic cotunneling
considered in this paper.
Let us consider the magnon cotunneling through a
quantum dot occupied with an electron with spin σ. The
magnon current flowing between the electrodes can be
understood as a magnon leakage current, that can play
a significant role in such a device in the strong coupling
regime. This process can be understood as follows: when
a spin-σ electron resides on the dot, the dot can either
emit or absorb a magnon from electrode α. This process
is associated with a flip of the dot’s initial spin. However,
this spin can flip back to its initial state simultaneously
absorbing or emitting a magnon further into the electrode
α′. The final state of such a transistion can be written
down as:
|f〉 = aLqa†Rq′ |i〉 . (12)
The cotunneling magnon current through the quantum
dot can be expressed as,
j(cot)mag,σ = −~Pσ (ΓσσL→R − ΓσσR→L) , (13)
where the cotunneling rate is given by the formula:
ΓσσL→R − ΓσσR→L =
1
~
JLJR
∫
D
dε
n+L(ε)− n+R(ε)
(ε− εσσ)2
, (14)
where εσσ = εσ − εσ, JL,R = 2pi〈|jqL,R|〉ρα stand for
the effective coupling parameters with ρα being density
of states in insulating electrodes, and D denotes that the
integration is over the magnon band of a finite width.
In contrast to a previous work29, a finite width of the
magnon band is assumed, which is more realistic on one
side and also is required when considering magnon co-
tunneling processes. Note, that the spin splitting of the
dot level and also exact position of the magnon bottom
band edge grow linearly with increasing magnetic field.
In order for sequential transport to occur, magnon
energy has to obey inequality Emag ≤ gµBB, where
Emag = gmµBB + D0. Here, gm = γg is the g-factor of
magnonic reservoir assumed proportional to the g-factor
of quantum dot (with γ being the proportionality con-
stant) and D0 is the bottom edge of the magnon band
for B = 0 (e.g. due to a magnetic anisotropy). From
this follows, that there is a critical magnetic field Bc for
sequential processes to occur,
gµBBc =
D0
1− γ , (15)
Note that when both g-factors are equal, i.e. γ = 1,
no sequential transport can occur. More generally, no
sequential transport can occur for B < Bc.
When calculating the cotunneling contribution to
magnon current, one encounters a singularity at ε =
εσσ for B > Bc, so one has to calculate the so-called
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FIG. 2: Sequential contribution to magnon current, j
(seq)
mag ,
and cotunneling contribution to magnon current, j
(cot)
mag , as
a function of magnetic field gµBB for indicated values of the
the average temperature T of magnon reservoirs [(a) and (b)],
and for indicated values of the coupling parameter JR [(c) and
(d)]. Other parameters (unless otherwise specified in figure):
∆T = T0, JL = JR = 0.1kBT0, T = T0, γ = 0.9, D0 = kBT0,
and kBT0 = 0.1 meV.
Hadamard (H) finite part of the appropriate integral,
defined as:
H
∫
D
dε
n+L(ε)− n+R(ε)
(ε− εσσ)2
=
d
dεσσ
C
∫
D
dε
n+L(ε)− n+R(ε)
ε− εσσ ,
(16)
where C denotes the Cauchy’s principal part.
III. NUMERICAL RESULTS
In this section numerical results on magnon transport
in the system under consideration are shown. The focus
is on the influence of magnetic field B and difference ∆T
in temperatures of the two magnonic reservoirs on the
sequential and cotunneling magnon currents. Especially
interesting is the case of magnetic field below the critical
field Bc, when only cotunneling processes can occur. In
the following I assume γ = 0.9 and the magnon band
edge (due to anisotropy) D0 = kBT0.
A. Case of both sequential and cotunneling
currents (B > Bc)
Firstly, the case when both sequential and cotunnel-
ing processes contribute to the magnon current is con-
sidered. This means that the magnetic field B is larger
than the critical magnetic field Bc corresponding to the
assumed values of γ and D0. It is assumed that the dot
is initially prepared in one of the two spin states, |↑〉
or |↓〉. Such a single-electron state is required in order
4to mediate magnon transport between the two magnonic
reservoirs.
Transport of magnons through the dot does not change
its charge state, so the dot remains singly occupied and
only its spin state can vary due to magnon sequential pro-
cesses. The corresponding stationary occupation proba-
bilities, P↑ and P↓, can be found from equation (8) which
can be expressed in matrix form,
W˜P = 0 , (17)
with 0 being vector of zeros. Additionally, a probabil-
ity conservation, P↑ + P↓ = 1, is taken into account.
Since the cotunneling processes are elastic and the cor-
responding changes in the spin state of the dot are only
virtual, the probabilities depend only on sequential tun-
neling rates. To solve this equation matrix W˜ is neces-
sary, which in the case under consideration acquires the
form
W˜ =
1
~
∑
α
[ −Jαn+α Jαn−α
Jαn
+
α −Jαn−α
]
ξ(|gµBB|) , (18)
where
ξ(|gµBB|) =
{
0 gµBB < gµBBc
1 gµBB ≥ gµBBc . (19)
The above function ξ(|gµBB|) introduces dependence of
the sequential processes on the critical magnetic field de-
rived in previous section.
In Fig. 2(a) and (b) the sequential and cotunneling
currents as a function of external magnetic field B for in-
dicated values of the average temperature T of magnetic
reservoirs are shown. Since sequential magnon transport
has been described in more detail elsewhere29, only the
most important aspects of sequential magnon transport
are highlighted and focus is rather on the cotunneling
contribution to transport.
Magnon current flows from the electrode with higher
temperature to the one with lower temperature. An in-
dividual sequential process changes state of the dot from
|σ〉 to |σ〉. The maximum of sequential current corre-
sponds to low-energetic magnons, i.e., ε = gµBB ≈
gµBBc, where according to Bose-Einstein distribution
the average number of magnons is the largest. With the
increase in Zeeman splitting of the quantum dot’s en-
ergy level, only highly energetic magnons contribute to
transport. When average temperature T of the magnonic
reservoirs increases (with the temperature difference ∆T
of the reservoirs kept constant), the maximal magnon
current (corresponding to the low-energetic magnons) de-
creases.
According to Fig. 2(b), the cotunneling current is few
orders of magnitude smaller, and also behaves differently
with magnetic field. Note, Fig. 2 corresponds to B > Bc.
If gµBB > 10kBT0 the cotunneling current increases un-
til it reaches a maximum. In contrast to the sequen-
tial magnon current, maximal value of the cotunneling
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FIG. 3: Cotunneling contribution to magnon current, j
(cot)
mag ,
as a function of magnetic field gµBB for indicated values of
the average temperature T of reservoirs and of the coupling
parameter JR. Other parameters (unless otherwise specified
in figure): JL = JR = 0.1kBT0, T = T0, γ = 0.9, D0 = kBT0,
and kBT0 = 0.1 meV.
current increases with the increasing average tempera-
ture of the reservoirs. This results from the fact, that
higher temperature leads to a larger number of spin wave
excitations in the electrodes and, thus, the difference
n+L(ε) − n+R(ε) also increases. Note, the total magnon
current is positive, though in some range of magnetic
field the cotunneling contribution is negative. Increas-
ing coupling asymmetry, on the other hand, results in a
decrease in both sequential and cotunneling currents, as
shown in Fig. 2(c) and (d).
B. Case of suppressed sequential transport
(B < Bc)
Now consider the situation when magnetic field is
below the critical value, which means that the energy
matching for sequential transport cannot be obeyed.
However, a small leakage current can flow through the
system due to magnon cotunneling. It is assumed that
5-2 -1 0 1 2
-0.6
-0.3
0.0
0.3
0.6
j(c
ot
)
m
ag
 [G
H
z]
T / T0
 JR=JL
 JR=JL/2
 JR=JL/10
FIG. 4: Cotunneling contribution to magnon current, j
(cot)
mag ,
as a function of reservoir temperature difference ∆T for indi-
cated values of coupling parameter JR. Other parameters (un-
less otherwise specified in figure): T = T0, gµBB = kBT0/2,
γ = 0.9, D0 = kBT0, and kBT0 = 0.1 meV.
the |↑〉 and |↓〉 spin states of the dot are equally proba-
ble, and these probabilities are constant due to absence
of sequential transport.
In this regime, the cotunneling magnon current, shown
as a function of magnetic field in Fig. 3, changes rapidly
for small magnetic fields, i.e. B ≈ 0, and when the field B
approaches the critical magnetic field, B = Bc. This fol-
lows from the Bose-Einstein distribution function. When
the average temperature of both reservoirs increases, see
Fig. 3(a), there is an increase in cotunneling magnon cur-
rent, similarly as in the case described in the previous
section, i.e. higher temperature leads to a larger differ-
ence nL − nR.
Increasing asymmetry in the coupling between the dot
and the two electrodes results in a monotonic decrease of
the current, as shown in Fig. 3(b). When one of the reser-
voirs is completely decoupled from the dot, i.e. JR → 0,
no cotunneling current can flow in the system.
Fig. 4 shows the cotunneling current as a function of
temperature difference between magnonic reservoirs for
B < Bc. When both reservoirs have the same tempera-
ture, average magnon current is zero and leakage magnon
(spin) current through the system appears for |∆T | > 0.
The cotunneling current is maximal for both electrodes
equally coupled to the dot and it decreases monotonically
with the increase in coupling asymmetry. For positive
∆T the magnons leak from left electrode into the right
one, while the opposite is true for the case when right
electrode is of higher temperature than the left one. In
contrast to sequential transport there can be no diode
effect in cotunneling regime due to coupling asymmetry.
IV. SUMMARY
In conclusion, I have shown that in quantum dot sys-
tems coupled to magnetic insulators not only sequential
magnon transport is possible, but a small cotunneling
contribution can play a role as well. This contribution is
dominant in the case with some mismatch between the
quantum dots’s and insulator’s g-factors, when only a co-
tunneling current may flow. Such a cotunneling magnon
current can be then understood as a spin leakage cur-
rent. This leakage current is highly sensitive to changes
in such parameters of the system as temperature and the
coupling asymmetry. Further investigation may focus on
the influence of such a spin leakage current on the con-
version between spin currents of magnonic and electronic
nature.
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